
12
.

Intro

to CFT
Readi.si#on-Duffi62.O7982T

Sections 3,4
,5,6



First some basic terminology :

ScaleinvariancenSymmetries
"""

* → "×
theory

- relate states no intrinsic length scale
→ other states

conformalinvariancediffsx.rs× ' such that

ds2 → RHP ds'

Nyi a'
'

symmetry
"

/ Wey1invarian#- Acts on bg .
fields ds2 → Ñx)ds} WIT
- relates observables

necessarily a diff .in one theory
on M,

to a different

theory on My



It's mostly true that

Weylscale ⇒ conform"
⇒

upto anomaliesin flat

-space

The basic reason is

Locality
-

That is
,
for a QFT to be scale invariant

,
it

must be locally scale invariant
,
and this

lalmost) implies the others
.

I'll give a more detailed statement soon .



CFT = Building blocks for QFT

Almost any QFT that is well-defined @ all

scales is conformal in UV and IR :

QFT =

• after

§ RG flow
• CFTIR

Thus QFT is (almost the problem of understanding
CFTS and their deformations

.

Caveat : this paradigm misses some physically

interesting theories like QED
,

and 0
" / Landau Pole)



classicallyscaleinvar-ian-FTJF-asy.sianything w/ no dimensiontt parameters .

* fd4× / Copy] = CFT

* massless QEDY ✗
⇒ ¥7 No state classically .

But P -fn is non-zero

✗ boar " 1¥

Not a scale - invariant QFT
.

* / d.4×[12012+9104] = not a CFT because

Pg +0

But classically ,

001 = g§3

given Solh 0,1×1 , find another sod!

01,1×1=11^191,1×1 where D= / = mass dimension
of §

✗ → ✗
'
= Rx

0/1×1 → 04×4 = d-
☐

01×1



A few CFTS

IÑ
, fin

* fdix Gijlo) Itoi Tpi + rfioyi

*
yd N=4 SYM

* fd% / 1¥ -1m¥ + got] in IR

( critical Ising)

Note that L is not a great tool to study
this theory .

It's strongly interacting .
The

most precise calculations (bootstrap) do not

use L whatsoever
.

* 2d minimal models

etc
.

/



CFTBasicsreco.tl
generators :

§ guv
= 201×1 gnu
= 29mL)

⇒ Poincare

1- hn

+ f- xadu

each generator → conserved charge

Qt] = / DE Tan Lu

space

it

conserved
"

means

a-

e.
I

Qlslq = QAIS
,

0 = ☐Q =

fdifrg T
"

II fused IT
"
:O

✓ and I.B.Po )
DM

You!,
= £49m
= olxlgmu



=/ ddxrg TIKI 01×1
DM

= 0

Dilatation : f= xmd.is , §gu✓= guv , 0=1

D :=Qlx%]
☐D= I / ddxrg TIKI

DM

= 0

This utmost implies

Tim = 0

In this case
,
all the other conformal charges

are automatically conserved .

Titi)=O ⇐ Conformal
invariance



Fineprintm quite
- CFT in curved space is often Net /conformal (anomaly )

but still called a

"

CFT
.

"

ex : Sh
"
✗ time

F-it YR

-

"

operator equation
"
: really means

(Tim 01%101%1 . . . > = 0

+ [ SIX-y ;) * stuff

-
contact terms

similarly for

T
"

= 0

⇐

q.EE
QING

,

=/ Ql%
,

due to contact terms

in 1-1×1041



Aside :
Scale VS

.
Conformal

ummmm

why the
"

almost
" ?

µ

= IVY then the
"

improved
"

If T
"

dilatation current

ji = T:X
.
- V"

is conserved
,
and theory is scale inv . but not CFT .

(unless you =P
,
LMV )

V
"

= Virial current
I L

= internal part
"

of scale transformation

[ In] =D , so would require

[V4 = d- 1 and ☐V
"

¥0

Typically no such operator ;

Proven not to exist

inyd-zld-ylqperhrb-atrve.ly or with some

extra assumptions

"

scale⇒ conformal
"



EI. 3d Maxwell is scale inv
,
not CFT

Vma A, Faw

j; is Not gauge invariant !

but D is .

(Not clear if we should call this a scale symmetry

Possibly : scale cogent ⇒ CFT in all d.



Operators

( scalar 01×1) 01×1 is called
"

primary
"

if

[ D , 010J]
= solo)
h scaling dimension

[1%0101] = 0

finite version:

under ✗→ DX,

01×1 → NOLAN [of . 04 example]

for general conformal transformations
,

✗→×
' with

gain
= RHI
"

gawk)

(Let's check this is really D-
2

,
not v22 :

For
'
= ax

,

ds' = DX' = dxi
,

do g. = ,¥g ✓ )

01×1 → rlxtoix. )

caveat ds' is fixed



Correlation ( of primaries)

(0,1×1)%1×2) -
" >deign)

= six
,)
"
RHD
"

. . . (0,1×11%1×1) - " Issa
1g:o)

(Note Mt . is unchanged ! )

\



Conformal transf . fix :

←
usually pick

basis

so Gz=
812

(0,1×10,41) = µg for link

{ o otherwise

cheat:<OH)OHy)) = d-
☐

SOHU.ly?fmeiriodx.adxa=j-.dx:dx:)and

go.in)QWQHsD

←
"

OPE coefficient
"

=

t.xixzpihiblx.iq/h+B-41xg-x,P3+di- %

11

CFT = list of scaling dims D;

in Pgd + ope coeff Cijlus
"

(+ non-local stuff in d > 2 ? )



Recapendofprev.lectore.im

gani 1×4 = r
-

Tx) gnu 1×7

int
' ly ,

✗ → ✗
'
= x - {

Action on operators :

Qld
01×1 → 04×1 = e on e-

014

Scalar primary
:

04×1 = Rhoton

write to save :

(0,1×1) - . . > = Rtx;)
"

. . - 60
,
Kit . . .)



11

descendant
"

operators

[Pm , , " ' [Pun , 010N = &
,

• " In0101
9 momentum 0ps

have dimension bin .

All operators can be organized into lowest - wt . reps

with primary 060J + descendants

-

[To see this , act w/ km . using conformal algebra,

D.Know) = th - 1) 140

so Kae towers 1 . Unitarily requires I > 0, so

this must terminate at a primary ]



we'll see why conformal ⇒ Weyl later . . .

Wed
In a Weyl- invariant theory, for any RTXI

,

< 0,1×110,1%1 . . . }

= run"rW" . . - (0,1×11021×2) . " >rag

If R }µ✓ is the same Mf . as guv , then can

reinterpret as a conformal transf
.

EI:

The conformal transf
. ✗

'
= Ax ⇒

(01×1041>
Suu

= A
"

( Olvlx) Otay) )d×, (✗ ' =d× conf . transf .)

(01×104) > Nadia

Weyl law for D.=D



CFTS are Weyl inv . (up to anomaly,) Ho in curved space,

Tim = Atx)
t r
operator c-number built from bg fields R , Rur , . - .

f.We'll derive this soon in 2d .)

Therefore

under gau → gnu (1+201×1) ,

dlog 2- (g) = fddxrg 51-11×1101×1

8 (01×1) . .
.>

= fddxrg 11-11×101×1) ooo } 01×1
-

contact term DOH ,) 81×-4 )
(homework)

= ☐ OH ,) ( OH ,) • • . ) + other contact terns

= int'd Weyl law



(Optional ) Conformal ⇒ Weyl in 2d

In flat space ,

Tj = 0

⇒ In curved space guv , most general possibility

by dimensional analysis :

f)
" central charge

" Cdefn .)

Trim = - c- R + RO + 01041
24*9 [ [9 - DO(f) =D Rlg] G- din-0

=L c-number scalar

operator [01=-2 impossibleRÑg so

(B) =L

Cain a CFT have dim-0 operator ?

Yes
,
sort of : fdxdx ,

1×1=0

We will now rule out such an operator in

the trace
.



Claim : RO cannot appear in TI

Intuition : this would relate correlating of 0 to

metric deformations in an impossible way .

Consider

2- [g. J] = ( efddx
51×101×1

yg
Vary :

Sga ,
= 20GW

8J I OR

Then

deogZ
=

fd://sg.us?.+oJ&)logZ--fd'xrg(-oixYTiixD+olxIRlxK0lxD
9,5 9,5 )

= C-zyitfd:/ rg 01×1 Rhd

Now we want to act again .



In conformal gauge ,

ds' = e
"

oh, d×^d×°

rgR=
- 2%00

do.%logZ = fddxo.IO:

Thus

[ So
, >
%) log 2- = 0 ( I.B.P

. )

on b.g. fields ,

[ do
, ,
G) guv

= 0

[ do
, ,
So
,
] J = 210,0oz - actor, )

=

any function you want !
Therefore

log 2-19,1-1=0

Therefore
0 = 0
✓

Conclude : In 2d
,
T: = -÷R



Weyl mapping to cylinder

Rd ¥ if ✗ got-1

dip, = dr ' + redo
,? ,

= rat d¥ + dod?
, )

=
e
't

/ It' + dod;)
= e
"
ds?y1

④ → =kgr
"

origin
"

Dilatation r→dr ⇒ b- → Ttlogil
time translations

☐ ⇒ H It anomaly = + § in 2d)
☐ i

⇒ E ; ( + ¥ in 2d



2-pt.fng.BY correlates in polar cords
( Olt.int 01T$ >%) )p ,

= ( OH ,
-_ et'm) 01×2) )p ,

= IX
,
-xz/

-☐

T.tt,
= felt ' + e

"
'
- 2 e ninz/

- °

Weyl :

dip, = Ids;y , ,
I = et

⇒

(Olt .in)Olt↳M)oy1
= RH.fr/xz)d(Olii,n,)OlTsnz))p ,
=

e.

☐ (THE)

/ e.
2T '

+ e2T2 - 2 ettkni.my/-
☐



for ninz :
nvm

= 12 sinh / Eli , - Ta) ) )
-"

observe :

* as tistz , 6007cg , ~ IT
,

- T
,/
"t

= lproperdist.li
"

Ialways ! )

* for titi , decays exponentially .

This holds for all correlations on cylinder
(may require some smearing )

yapped .



Shortcut :

Define Ooy, / t.nl
= e"O1x=etn )

then

(0%1%41%15,11)
= eltr"" (01*101×2))

by substitution
.

I find this very confusing : Ooy , is an

operator in the flat-space CFT that
"

mimics
"

the physics in curved space .

But this is very standard
.

Worse
, people don't write

"

cyl
"

,

we're supposed
to know from its arguments .



State - Operator Correspondence
In any QFT ,

local operators → states on
Sd-1
R

via

10 > = P.I. on ball HIER

g-
- -
-
-

,I
✗0101 ,

i
'

n
.
.
-
it

gd-1
R

This 10> E Hogar
R

In CFT
,

* this Jt is indep . of Rj set R=1

*
any state → local operator :

to> on ,
'

'

-
' '

i shrink ⇐ insert this into path
I
- ,

,

! → integral defines a local op .



ex : cold 41×110 ,>

=/D8, 41$,]
É

- €40s
wavefn

.

top

⇒
"

1- 1 State - Operator correspondence
"

"

Radial quantization
"

r =
"

Euclidean time
"

10) =
c-
- -

;
1-

regular Cno operator)

@ origin

010110> = 10 > = !
"

)XO
"
-

- -
-

'



(o) :
"

nothing @ a
"

< 01 = 60101×1
where 014 = him X'

☐

01×1
✗→ •

Ex :
-

<0,19> = e.mx
"
's 0,1×10.101>

✗→no

assume
%"

= dim
"

✗-2°C ,,

= Che

EI

(÷÷÷ ..<Old 011101×1010))

= <01011101×110>

=

§ < 010111 In> In /01×110)



Thecylinder
Under the Weyl mapping we described earlier

,

to> = (
"

I
⇒ to> =

radial

quant
'
- -

- 11
di= -a

= path integral w/
"

regularity
"

at b- = -o

= usual vacuum state !

10> =

'

" "

i
,

00)
→

=
'

energyx

i.
. .

.

! / | eigenstate

to>


